Product and Quotient Rule Solutions

1. Product Rule Practice - Differentiate:

a. y=Vx2(2x — x?)

By expanding:
2 5 8
y= x3(2x xz) = 2x3 — x3
p_10 2 8.2
Y =3 3

Using the ProductRule: f'g + g'f
2

Let f(x) = x3 and g(x) = 2x — x?

1 2

y = EJnc_i(Zx — xz) + (2 —2x)x3

5 2
y, _ Z(Zx X )+ 2x3 2x3 = 4x le
3x3 3x3
2 5
2x3 — 2x3
2 5 2 5 2 5

4 = 2 2 =t 2 10 = 8 2
=3x X+ 2x3 —2x3 = 3 X33
b. P(x) = (6x3 — x)(10 — 20x)
By expanding:
P(x) = 60x3 — 120x* — 10x + 20x? =
—120x* + 60x3 + 20x% — 10x
P'(x) = —480x3 + 180x% + 40x — 10

Using the Product Rule: f'g + g'f
Let f(x) = 6x3 —xand g(x) = 10 —
20x

P'(x) = (18x* — 1)(10 — 20x) +
(—20)(6x3 — x)

= 180x% — 360x3 — 10 + 20x —
120x3 + 20x

= —480x3 + 180x% + 40x — 10

f(x) = e* - sin x. Find f'(x)
e* sin x + cos x e* = e*(sin x + cos x)

y = sinx (x?)

y' = cosx (x?) + 2xsinx
y= e*x3

y' = e*x3 + 3x%e*

y=Inxcosx
1 .
y' = ~cosx —sinxInx

10

11.

12.

13.

f(x) = (—Sx3 — 25 4+ 1) (x? + 5x)
Find %f(x)

(—15x2 - gx_%) (x% +5x) +

(2x +5) (—Sx3 _ 25+ 1)

y = 2*Inx.Find y’
Y =2In2-Inx+- 2%

Find the derivative of h(t) =
1
h(t) = <2t2) -sect

(2Vt) - sect

1 1
h'(t)=t 2-sect+secttant- <2ti)

y = 2x arcsin x

d .
Recall that —arcsinx =
dx 1—x2

y' = 2arcsinx +
1-x2

. f(x) = (tan"x) - tan x

Evaluate f ! G)
f'x) =
-

1

tan x + sec?x - tan"1x

(12)2 tan( )+sec (4) tan~ 1(%)

Wt ()= 2

N

1+

2 arctan G)

The Quotient Rule is derived in a similar
manner to proving the Product Rule. State the

Quotient Rule.
du _dv
dy _ Vg Yax Y _fg-gf
dx 2 or (g) g2
3z+9
W(z) = -
Letf(z) =3z+9andg(z) =2-2z
W' = [9-91f _ 3@-0)-(-1@3z+9) _ _15
g* (2-2)? (2-2)?

h(x) = 2%
1

Let f(x) = 4xzand g(x) = x* — 2

Zx_%(xz—z)—2x<4x%>

f'g-9'f
h'(x) = =
(x) 9% (x2-2)2
3 1 3 3 1
2x2—4x 2-8x2 _ —6x2—4x 2
(x2-2)? (x2-2)?



14.

W6
y=+
It would make more sense to write this function
as:

y= %wﬁ. Thus y' = gw5

But we can also use the Quotient Rule:

Let f(w) =w®and g(w) =5
dy _ 6w5(5)-(0w® _ 30w> 6w5

f'o9-9'f
gZ

dw 52 25
__logzx
15. y = Ter
f'a-9'f
g2

16.

17.

18.

d 1
Remember —Inx = -
dx X

d
Alsoalogkx =

1 xe*—e*logy x 1017 e

/I _ xIn2 — X

= == —e*lo x]
y e2x e2x [xan 82

=l G )|
y T eXex € xIn2 logzx

r=1 [ L lo x]
y = e* [xIn2 82

Zx
Y= anx
d x _ x
dxe =e
d . x x
—Kk*=Kk*Ink
dx
y = f'9-g9'f
g2

I 2% In 2 tan x—sec? x2*

- tan2 x

__ secx
y tan~1x

Recall that % secx = secx tanx and

d -1
—tan" " x = —
dx 1+x2
secx tan x arctan x— Sec;
yl — 1+x
(arctan x)2

_ Inx

y= Ttan x

Recall that - (Inx) = land Ltanx = sec? x
dx x dx

1
, ;ntanx—n'seclenx

y:

w2 tan? x

Challenge

19.

20.

A classmate claims that (f - g)' = f' - g’ for any
functions f and g.

Show an example that proves your classmate
wrong.

Ex. f(x) = x?> and g(x) = x3

(f-9) =(x%x3) = (x5) =5x*

f g =2x-3x*=6x3

5x* + 6x3

Enrichment: Where does the Product Rule
(fg)' =f'g + g'f come from?

The product rule is also known as:
LIF0g®)] = [F@]g@) + ) 5 [9(x)]
=f'(x)gx) + f(x)g'(x)

We use the limit definition of derivatives.

Recallm = }ling ferh)—f)

h
d
~(Fg@®) =
lim f(x+h)g(x+h)—f(x+h)g(x)+f(x+h)g(x)-f(x)g(x)
h—0 h

Now split the quotient into two fractions:
T g(x+h)—g(x) f(x+h)—f(x)
= lim [£ (e + ) L2000 1 g () L]

h
= (};if(} flx+ h)) (},i_r,r(} w) N

. . flx+h)—f(x)
(ima) (i =27)
Can you recognize the limit definition of slope

above?

=f(®0)g'(x) + g(Of (x)



